JOURNAL OF COMPUTATIONAL PHYSICS 125, 124-134 (1996)
ARTICLE NoO. 0083

Contribution to the Optimal Shape Design of Two-Dimensional
Internal Flows with Embedded Shocks

ANGELO loLLO*

Dipartimento di Ingegneria Aeronautica e Spaziale, Politecnico di Torino, 10129 Turin, Italy

AND

MANUEL D. SaLas

NASA Langley Research Center, Hampton, Virginia 23681-0001

Received December 9, 1994; revised August 28, 1995

We explore the praticability of optimal shape design for flows
modeled by the Euler equations. We define a functional whose
minimum represents the optimality condition. The gradient of the
functional with respect to the geometry is calculated with the La-
grange multipliers, which are determined by solving a costate equa-
tion. The optimization problem is then examined by comparing the
performance of several gradient-based optimization algorithms. In
this formulation, the flow field can be computed to an arbitrary order
of accuracy. Finally, some results for internal flows with embedded
shocks are presented, including a case for which the solution to
the inverse problem does not belong to the design space. © 1996

Academic Press, Inc.

1. INTRODUCTION

A classical problem in engineering is to define the shape
of a manufacture to achieve a required performance. In
fluid dynamics, techniques have been developed to solve
the following inverse problem: given a pressure or a veloc-
ity distribution over an aerodynamic body, determine the
corresponding geometry. See, for example, reference [7].
A broader category of problems can be solved by means
of optimization, provided that one is ready to accept the
necessity of computing the flow field hundreds of times.

It is possible, in fact, to define a functional or cost func-
tion such that its minimum represents an optimal solution.
For example, the drag of an airfoil can be selected as the
cost function to be minimized for a given lift. Many existing
methods of solving such minimization problems are based
on descent algorithms which make use of the gradient of
the functional with respect to the geometry. The gradient is
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usually calculated with a black-box method. Such a method
consists in using finite differences to determine the gradient
of the functional, and therefore, for each gradient computa-
tion, it needs as many flow-field solutions as the number
of design variables.

In using models of increased complexity to describe the
flow field, such as Euler or Navier—Stokes equations, the
development of new algorithms is necessary to reduce the
computational load. In this paper, we investigate one
method for achieving this reduction.

The cost of the optimization comes from three sources.
The cost of evaluating the flow field, the cost of evaluating
the gradient and number of gradient evaluations necessary
to reach the minimum. In this article we are concerned
with the problem of avoiding unnecessary computations
for the evaluation of the gradient of the functional with
respect to the design variables. Other methods, including
the black-box method and the sensitivity equation method
[2], require the solution either of the Euler equations or
of an additional partial differential equation (PDE) for
each design variable and for each gradient evaluation.

We apply a variational technique that has been used
since before complex flows could be integrated numeri-
cally. See, for example, Ref. [9]. Jameson [6] was the first
to apply the abovementioned technique to computational
fluid dynamics. With such an approach, a functional or cost
function is determined such that its minimum represents an
optimal solution. The flow-field equations can be consid-
ered as constraints in the minimization. By introducing a
set of Lagrange multipliers, the constrained minimum of
the functional with respect to the geometry, is transformed
into a free minimum with respect to the geometry to the
flow-field unknowns, and to the Lagrange multipliers.

With this formulation the gradient of the functional can
be calculated with respect to the geometry by computing
the flow field only once for each gradient evaluation. For
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incompressible irrotational steady flows, a further reduc-
tion in the computational effort is possible (see [13]).

The formulation developed in this work is in the spirit of
the mathematical frame set in [8]. In fact, calculating the
gradient of the functional, the flow-field variables are con-
sidered independent of the geometry, thus avoiding inaccu-
racies and confusions that may arise when considering the
variation of the geometry. Although this formulation is simi-
lar to that in [6], it circumvents the theoretical objection of
adding to the functional to be minimized a term that is al-
ways zero if the flow-field equations are satisfied. Compared
to previous work, our formulation is not tied to conformal
mapping and can treat captured or fitted shocks.

In this respect, we extend the work presented in Ref.
[1]. In that formulation, an exact gradient with respect
to the design variables was obtained for the discretized
functional. This is a limitation for compressible flows, be-
cause in presence of shocks the discretized functional could
present discontinuities. However, in paper [1], only revers-
ible nozzle flows were taken into account.

In reference [5] quasi one-dimensional compressible
flows with embedded shocks were considered and the gra-
dient of the functional was derived on a continuous level.
Here, we consider two-dimensional Euler flows with
shocks, and we provide a method for calculating the condi-
tions that the Lagrange multipliers must satisfy at the
boundaries and at the shock. Finally, we point out that
our formulation can be used with complex flow solvers
because the differentiability of the solver is not requested.

2. PROBLEM STATEMENT

The Euler equations are given by

U +F, +G,=0, (1)
where
p pu pv
pu p + pu? puv
U= F= = )
pU puv p + pv
pe u(pe + p) v(pe + p)
with
p = density

u = x component of velocity vector
v = y component of velocity vector
e = specific total energy

p = pressure
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FIG. 1. Model problem.

a = speed of sound

v = specific heats ratio

y—1
2

K=

2

and p = kp(2e — u? — v?). Furthermore,

oF
F= U U=AU)U (2)
and
_0G _
G= 0 U =B(U)U, 3)

where A and B are given in Appendix L.

We assume that these equations are defined on a physical
space ®. In this space is included a subdomain () whose
boundary is denoted by I'. On the boundary, we define a
curvilinear coordinate s and a normal n = (n,, n,) that
points outward.

The optimization problem studied here is defined as the
minimization of the functional & = f r ¢(p, p, u,v, 1) ds
over all admissible shapes of the subdomain (), subject to
the steady-state Euler equations with proper boundary
conditions on I.

Although the method we present is general, we focus
on the following model problem. The subdomain () is rep-
resented by a nozzle. (See Fig. 1.) At the inlet, total pres-
sure, total temperature, and the ratio o = v/u are fixed.
At the outlet, if the flow is subsonic, the static pressure is
fixed, and at the solid walls the impermeability condition
un, + vn, = 0 is enforced. The upper wall is kept fixed.
The lower wall O is represented by the parameterization

¥(0) = X aifi(v), (4)
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where the functions f;(x) are shape functions and @ = (e,
.y 04, ...) 1 the corresponding set of shape coefficients.
Given a desirable lower wall pressure distribution p*(x)
and the actual pressure distribution on the lower wall p*(x),
the optimization problem consists in finding a set of shape
coefficients ¢; such that the functional

o _ 1 b W o a%)2
e=5 [0 = prax 5)
is minimized.

3. LAGRANGE MULTIPLIERS AND OPTIMALITY

The problem of achieving the minimum is addressed by
introducing a set of Lagrange multipliers. Consider the
augmented functional

AU, a, A, p) = €+ j | A(AU, + BU,) d0)

6
+f®,upV-nds, ©

where V = (u, v). The vector A(x, y) = (A, A2, Az, Ag)
and the scalar w(s) are the continuous equivalents of the
Lagrange multipliers.

We calculate the variation of the functional £ with re-
spect to the variation of the functions U, A, and w and the
parameters a;, respectively. When U(x, y) is increased by a
function eU(x, y), the functional ./ increases by an amount
€6/ y. In the same way, A(x, y) is increased by eA(x, y);
w(s), by gii(s); and each «;, by ed-

If we follow the derivation in Appendix II and take

0L = oLy + 0Ly + 84, + 84,

then we obtain

8Ly = fb 88—6 (p¥ — p¥)Udx + Jr ‘A(An, + Bny)fJ ds
0
(7
- jﬂ (A.A +A,B)U dQ + j@ Mn%fj ds,
where
Wy (B ) v
aU_2k< S v,1] and 5U

0100
“\o o1 o)
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Furthermore,
8/, = j 'A(AU, + BU,) d0 (8)
57, = f EpV-nds (9)
840 =2, Ub;ﬂ‘ (p" = p*)f; dx
7 LJady],

+ J@ ‘A(AU, + BU,)f;cos O ds

d(pV df;
+f@u%mfids—f@upV—tacoszeds

dfi .
+ f@ ,u,pV-n—fsm 6 cos Gds] a;, (10)

dx

where 6 is the angle between the normal n and the y-axis
and t = (—n,, n,).

At the minimum of the functional, we have 6/ = 0 for
all possible choices of the functions U, A, and & and of
the parameters @& This condition is reached when

6Ly =64y =64,=064,=0. (11)
Note that because of the necessary conditions (Egs. (11))
the unconstrained minimum of the functional £ (U, o, A, )
corresponds to the constrained minimum of the functional
&(a). In fact, we have

04, =00 AU;+BU,=0 and 467,=00 pV-n=0,
which means that U must satisfy the Euler equations with

boundary conditions. In addition, for the minimum of 7,
we have 67, = 0, which leads to

‘AA, + BA, =0o0n 0 (12)
a_p wo__ ES t
U (p” — p*)cos 6+ '‘A(An, + Bn,)
’ (13)
+ un % =0 onO.
At the inlet, outlet, and upper wall,
‘A(An, + Bn,)U = 0. (14)

Given U and the set of costate equations (12) and (14),
we can uniquely determine A in  and w on ©. (See
Appendix I11.)

Finally, given o and given U and A from the above
equations, we can calculate from Eq. (10)
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ol _ vy

w o k) £
do, Jaay| (TP

‘@

+ [, 'A(AU, + BU,)f, cos 0.ds
’ (15)

a(pV df;
+j@y%-nfids—j@,upV-tEcoszeds

dafi .
+ @,u,pV-nEsm 6 cos 0ds.

In cases for which shock occurs in the flow field, we split
the domain of integration by means of a curve Y that
coincides with the shock where it exists. Then, we follow
the same derivation so far on each of the two subdomains,
with Y as a boundary. Considering the one-dimensional
characteristic pattern of the costate equations in the direc-
tion normal to the shock, it is seen that the costate equa-
tions need additional conditions at the shock for the well
posedness of the problem. For a complete discussion of
this topic we refer the reader to [5]. The conditions derived
for the two-dimensional case are presented in Appendix
I1L.

The strategy that we use to achieve the minimum of .£
is as follows:

1. Start with a set a of shape coefficients.

2. Enforce 64, = 0 and 67, = 0 by finding U such that
it satisfies the steady-state Euler equations and bound-
ary conditions.

3. Enforce 67, = 0 by finding A such that it satisfies
the costate equations and boundary conditions.

4. Calculate V,.Z. If V,.Z = 0 then we have determined
the minimum; otherwise continue to steps 5 and 6.

5. Update « with criteria based on V, .2
6. Restart from step 2.

As anticipated in the Introduction, the cost of the optimiza-
tion comes from three sources: the cost of evaluating the
flow field, the cost of evaluating the gradient, and the
number of gradient evaluations necessary to reach the min-
imum. With the above algorithm, we address the problem
of reducing the cost of each gradient computation, because
only one flow-field evaluation is necessary to compute all
the components of the gradient, at the cost of solving the
costate equations.

In contrast, for each gradient evaluation, the black-box
method needs as many flow-field evaluations as the number
of design variables, and the information it delivers is often
inaccurate. Other existing methods, such as sensitivity
equation methods (see [2]), offer more accurate gradient
computations but suffer from the disadvantage of requiring
the solution of PDE for each design variable. With such
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FIG. 2. Discrete grid.

approaches, for a given number N of shape coefficients and
for a given descent method, the cost of the minimization is
about N times the cost of a minimization performed with
the algorithm presented above, making many optimiza-
tions infeasible because too expensive.

4. DISCRETE PROBLEM

We introduce a discrete grid that is defined as (x,,
Vm) = (xo + [ Ax, y(®) + m Ay), where Ax is constant and
Ay is a constant fraction of the local height of the nozzle.
(See Fig. 2.)

The steady solution of the Euler equations is obtained
with a time-dependent technique, in the frame of an ex-
plicit finite-volume code. The conservative variables U are
computed at the cell centers, and the fluxes F and G are
evaluated at the cell interfaces with the approximate Rie-
mann solver in Ref. [12]. Second-order accuracy is achieved
by using an essentially nonoscillatory scheme [4]. With
such an approach the flow-field values at the cell interfaces,
used as initial conditions for the Riemann problem, are
reconstructed by means of a linear interpolation. The oc-
currence of spurious oscillations is prevented using a min-
mod limiter. The amplitude of the integration step is cho-
sen in accordance with the Courant-Friedrichs—Lewy
(CFL) condition.

The costate equations are discretized on the same grid
presented above. Because they have no conservative form,
the numerical solution is obtained with a finite-difference
scheme. We introduce a set of curvilinear coordinates
o(x, y) and (x, y). The costate equations are then written

LA, + 'BA, =0, (16)
where &/ = Ag, + By, and 73 = Ay, + Byjs,. The trans-
formations ¢ and ¢ are defined as (x;, y,,) — [ and
(X1, Ym) - m, respectively.

We find the solution of Eq. (16) as the asymptotic limit
of a time-dependent technique. As for the solution of the
Euler equations, the CFL condition limits the convergence
rate to the steady solution. Nevertheless, comparisons be-
tween time-iterative methods and direct solvers have
shown that their overall costs (including memory) is similar
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for two-dimensional problems and time-iterative methods
are more efficient for three-dimensional problems.

Consider Eq. (16) embedded in time as

* A+ WA, + TBA, =0 (17)
We must select the proper sign for the time derivative.
The inlet and outlet boundary conditions for the costate
equations are complementary to those of the flow-field
equations, in the sense that if the number of boundary
conditions for the flow field is ¢, then the number of bound-
ary conditions for the costate equations is 4 — c¢. Therefore,
the above equations and boundary conditions are well
posed if we select the negative sign for the time derivative.
In fact, the resulting characteristic pattern is mirror sym-
metric with respect to that of the flow-field equations.

In the presence of a shock in the flow field, the matrices
t.o/and ' are discontinuous. In particular, the characteris-
tic pattern at the shock indicates the necessity of a bound-
ary condition for the costate equations. For further discus-
sion, see Ref. [5].

The costate equations are linear and as such are the
boundary conditions. We exploit this property to solve
these equations numerically. Suppose that locally we sepa-
rate the variables through the following approximation:

Alg, 1) = A'(g, 1) + A4 0). (18)
This separation of variables means that, for example, in a
Taylor expansion about the point (¢, ¢) we disregard all
terms that involve the cross product ¢i arising from terms
higher than the first. This approximation is at least first-

order accurate. We substitute Eq. (18) into Eq. (17) to
obtain

—Al = A} + LA+ BN = 0

and we are left with the following subproblems in one di-
mension:

—A] + /AL =0 (19)
— Al +BA, = 0. (20)

Let us define n, = (¢./ Vi + ¢35, ¢,/ Vi + ¢;) and n, =
(Y NVY2 + 2, /Y2 + ¢2). The left and right eigenvec-
tor matrices of .«7and 43 are calculated by using the formu-
las in Appendix I with n = n, and n = n,, respectively.
After Egs. (19) and (20) are diagonalized, we upwind the
derivatives of the characteristic variables according to the
signs of the corresponding eigenvalues. The time step At
is chosen according to the CFL condition. This method

IOLLO AND SALAS

can be regarded as a two-dimensional interpretation of the
method presented in Ref. [10].

The boundary conditions can be split in a similar way.
Consider, for example, the boundary condition at the solid
wall. Because Eq. (19) is defined along the wall, the charac-
teristic variables can be upwinded according to the corre-
sponding eigenvalues. In contrast, the third row of Eq.
(20), which corresponds to the characteristic with a speed
of +a, is replaced by the boundary condition in Eq.
(AIILS). Note that the contravariant component of the
speed in the direction ¢ is 0; therefore, the resulting system
can be written as

( AW =0
AWE =0

neA'N; +n, A'A5 = —(p¥ — p*) cos 0 — n, A'\s — ny, A'A3

\ AW = a At (VY2 + ¢2) AW, @1)
where A(-) is the forward finite increment of the function

(+) with respect to the superscripted variable and

AW,

AW,
=L AA.
AW,

AW,

In the third row of Eq. (21), we have the functions of A'A’,
which are computed separately as mentioned. The other
boundary conditions are enforced in the same pattern that
is presented above.

In addition to the theoretical difficulties arising when
flows with embedded shocks are considered, on the discrete
level it is necessary to acquire the position of the shock.
Although explicit treatment of shocks has been the subject
of many papers (see for example [11]), we use a very simple
and effective shock detection scheme. It is based on the
assumption that the shock is represented, for example, by
a grid curve ¢ = constant. If this is the case, then it is
enough to decompose the flow in the direction normal and
tangent to this curve all over the flow field, checking if one
of the acoustic signals speed relative to the normal flow is
changing sign across two adjacent volumes. If the signs of
these speeds are such that the corresponding characteristics
are impinging, then we label that volume as one corre-
sponding to the shock.

In general, the assumption that the shock overlaps a
curve i = constant is not always verified, unless some
adaptive grid algorithm is used. In presence of shocks
which are not parallel to the grid, the above algorithm
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might fail to detect the shock. However for these cases the
costate equations would still converge because their one-
dimensional projections do not need any additional condi-
tion, as it is seen considering the characteristic pattern for
these cases. In this respect, the solution of the costate
equations is affected by the calculation of the shock posi-
tion in the sense that unless the proper position is chosen,
the costate equation time-dependent technique does not
converge in the presence of shocks.

5. OPTIMIZATION EXPERIMENTS

The optimization problem is addressed with four differ-
ent gradient-based criteria.

1. Steepest descent (SD1). The shape coefficients are
updated as follows: «; < a; — v(3-£/0c;), where v is a
given parameter.

2. Steepest descent with v selected as follows (SD2).
Because we know the gradient V, Zat the present iteration,
we can use a tentative step length v and can compute
the gradient V, £’. By calculating V, /- V,.Z’, we linearly
estimate v such that eventually V, /- V, /" = 0. Each step
of the optimization requires solution of the flow field and
costate equations twice.

0.0

o-—-oldl

-2.3
log

47 ]

-7.0

0.0 ' 16.7 ' 333 50.0
lter

()

FIG. 3.
(d) BFGS2.

5w Functional
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3. The BFGS algorithm (presented in Ref. [3]). This
algorithm (BFGS1) accounts for the curvature of the hy-
persurface £ representing the functional in the design
space. The shape coefficients are updated according to the
formula «; < «; — vd;, where d = (..., d;, ...) is the descent
direction determined by d = HV, £ and H is an estimate
of the inverse of the Hessian of the functional.

4. The BFGS algorithm (as above) with a linear estimate
of vsuch thatd-V,.7"” = 0. Each optimization step requires

solution of the flow field and costate equations twice
(BFGS2).

The computations are performed on a 40 X 20 grid unless
otherwise specified. Total pressure and total temperature
at the inlet are taken unitary and o<(0, y) = 0. At the outlet,
the static pressure depends on the test case considered.
For the lower wall ordinate y(®), we have

0 if —0.5=x<0
4 .
y(©) ={> ax(x— 1) if0=x<1
i=1
0 ifl=x<15.

The optimization consists in finding the four shape coeffi-

0.0

m—mFunctional
o—-olgl

-23
log

-47

-7.0

0.0 ' 16.7 ! 333 50.0
Iter

(a) Target Mach number field; (b) starting configuration; (c) functional and modulus of gradient versus number of iterations for SD1;
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0.0
5 mFunctional
o-—-olgl
-4.0
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-12.0 .

0. ‘ 33, 67. ‘ 100.
lter

(c) (d)

(a) SD1; (b) SD2; (c) BFGSI; (d) BFGS2.

FIG. 4.

cients «; such that the modulus of the gradient V,/ is
0. The time-dependent solutions to flow-field and costate
equations are considered steady when the residuals are
less than 1075

We first devote our attention to the following test case:
recover a pressure distribution in a subsonic nozzle flow
where the outlet pressure is 0.9 referred to inlet total pres-
sure. We take o = (2,0,0,0) and define the corresponding
configuration as the optimal configuration. Then, we com-
pute the flow field and determine the pressure distribution
on the lower wall. This pressure distribution p* is the one
we want to recover with the optimization algorithm. In
Fig. 3, the target flow field and the starting configuration,
obtained with o = (—2,0,0,0), are shown along with the
convergence histories for SD1 and BFGS2.

For the supersonic case, we take a constant section

IOLLO AND SALAS

0.0

s Functional

o-—-oldl

-12.0

Iter

0.0

ional
== unctional

o-—-oldl

channel as a starting configuration and o = (2,0,0,0) as
the target. In Fig. 4, we present the results obtained
when the outlet pressure is lowered to 0.5 of the inlet
total pressure. A relevant shock is present in the target
flow field, as is seen in Fig. 5. In the first optimization
iterations, we updated the shape coefficients as was done
for SD1. This step is necessary because this far from
the minimum the functional </ might be not convex;
therefore, the estimate of v used in BFGS2 and SD2
might not be correct. Figure 6 shows the sequence of
lower wall configurations obtained with BFGS2. The
optimal wall and the target wall overlap.

In all the examples in which the SD2 or the BFGS2
strategies were employed, both the gradient and the func-
tional suffered from small oscillations, despite the final
convergence to the minimum. The SD2 and BFGS2 algo-
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s

-

FIG. 5. Target Mach number field.

rithms estimate the step as is explained above. This esti-
mate can be too large, therefore these two algorithms are
more subject to fluctuations. Even the SD1 and BFGS1
algorithm are monotonic decreasing sequences only if
there is an exact line search in the direction chosen. Since
we take a constant step, the decrease of the functional may
be not guaranteed. Furthermore, when a shock is present
in the flow field, the functional may suffer from jumps due
to the discrete displacement of the discontinuity through
the grid.

In Fig. 4(d) it can be noticed that the solution is settled
out after 70 iterations. On the way to the minimum, the
functional reaches values lower than the final one. This is
due to the fact that the minima of the analytic functional
and of the discretized one may differ.

The second test case is designed to check the capability
of the algorithm in detecting minima in cases for which
the desired pressure distribution is out of the design
space (i.e., the functional is not 0 at the minimum).
The pressure distribution p* is obtained with an outlet
boundary condition that differs from the one that is
actually used in the optimization routine. The results
are given in Fig. 7.

The SD1 updating strategy had the least attractive rate

0.150
o mistlter
s—n0 15th lter
A—a30th Iter
L 45th lter
« Target shape

0.100 1

y

0.050 -

0.000 - :

0.00 0.33 0.67 1.00

X

FIG. 6. Wall shapes sequence with BFGS2. Starting configuration:
constant section.
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of reduction of the functional. Our experience showed,
nevertheless, that it was the most reliable in cases of com-
plicated surface topologies that can occur in flow fields
with embedded shocks. The BFGS2 becomes the most
efficient of the algorithms tested when it is coupled with
SD1. With this algorithm, the functional was reduced by
orders of magnitude.

For the test case of Fig. 4, the central processing unit
(cpu) times required on a DEC 3000/500 were as
follows:

SD1 4h 08min
SD2 6h 19min
BFGS1 3h 59min
BFGS2 5h 58min

6. CONCLUDING REMARKS

We have derived an expression of the gradient of the
cost function with respect to the shape coefficients. The
boundary conditions for the costate equations have been
presented; we have shown their relevance to the well
posedness of the problem. In the case of shocks, we pro-
vided the proper conditions for the costate equations at
the discontinuity. On the discrete level, we proposed a
method of integrating the costate equations in accordance
with a revisited scheme. Additional work is needed to
test the algorithm with more realistic test cases and to
apply the One-Shot method (Ref. [13]) to hyperbolic
problems.

APPENDIX I

The Jacobian matrices for the Euler equation in conser-
vative variables are

0 1 0 0
kV? —u? B—=vu —2kv 2k
A =
—uv v u 0
—(ve +2kVHu  ye — kV? = 2ku* —2kuv yu
(AL1)
0 0 1 0
—uv v u 0
B =

kV? —v?
(—ye + 2kV?)

—2ku B—yu 2k |
—2kuv  ye — kV? —2kv® v
(A12)

The Jacobian in the direction nis C = An, + Bn,. The
left (L, and right (L,") eigenvector matrices of C are
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00 < mFunctional 00 o_& Functional
s —olgl o —olgl
1R
@%%b bazecon R
a0 FLELLLEE RSP, 40 | %ewééﬁ Jes
0 : £ %,
log log LS b
o}
] B
b
80 | 80 | &q%a{
] 1 ®
R
12.0 ‘ : : : ‘ 12,0 : : : : .
0.0 167 333 50.0 0.0 16.7 333 50.0
Iter Iter
(a) (b)
FIG.7. (a) SD2; (b) BFGS2.
1 - kV?/a? 2kula® 2kv/a? —2k/a?
Vip n,/p —n,lp 0
Lo= | (v, +kVia)lp (. —2kula)lp  (n, —2kvia)lp  2klpa (AL3)
(V. +kV?a)lp —(n,+2kula)lp —(n,+2kv/a)lp 2k/pa
1 0 pl2a pl2a
u pny p(u + any)2a p(u — an,)2a
-1 —
L, v P p(v + an,)/2a p(v —any)/2a ’ (AL4)
V22 —pV, p(V*+d*lk+2aV,)/4a p(V?+ a’lk —2aV,)l4a
where V,, = V n and V, = V-t. The diagonal matrix b ap - . ~ ~
D, =L,C,L' Ly —f (p”” —p*)Udx + fn A[(AU), + BU),] Q)
(AIL1)
V., 0 0 0 +f n—Uds+hot
0 Vv, 0 0
D, = 0 0 V,+a 0 ’ (ALS) If we apply Gauss’s theorem to the second integral of the
0 0 0 v above equation then we find Eq. (7). Equations (8) and
= a

(9) are easily obtained.
To calculate 6.7, we first consider the variation of the

APPENDIX II functions defined on ®:

To calculate 67y, consider the increment U «— U +

Sﬁl:l ai&ai—l—g&l—[l pw%pw‘FSZ—i})fi&i and

~ - apV . _
F<—F+¢AU + hot and G <G + ¢BU + hot. pV < pV + sgﬁai-

We obtain Then we consider the variation of the geometry; other
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FIG. 8. Variation of the domain of integration Q). AH = dx, AD =
ey and BC = &(J + ay/dx dx).

higher order effects are disregarded. When the geometry
is perturbed, the domain of integration (2, the normal n and
the element of integration ds are perturbed. The domain ()
is increased (Fig. 8) by a quantity e&;f; cos 6 ds. The normal
n is perturbed by a quantity —e&; df;/dx cos® 6t; ds, by e&;
dfi/dx cos 6 sin 0 ds. (See Fig. 9).

APPENDIX III

Consider Eq. (14). This equation defines the boundary
conditions for A after we impose the proper constraints
on U. At the inlet, only one component of the variation
of the flux in the direction normal to the boundary F, =
(An, + Bn,)U is independent of the others because total
pressure, total temperature, and o are fixed. If we express
all components of F, in terms of pii we obtain

C
K
y
E
50
6
D H
B
6
A

X

FIG. 9. Variation of n and ds. CE = £dy/dx dx, DH = dx, DE = ds,
£60 = EK/ds, and EK = CE cos 6, i.e., 80 = 95/9x cos® 6. The variation
of ds is KC = &dy/dx sin 6 dx.
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[+ nol/(1 — M?)]u N

7 ot i - [ P
H¢

where ¢ = n, + on,, n = (n, — on,), H is the specific
total enthalpy, and M is the local Mach number. For an
arbitrary choice of pii, from Eq. (14) we have
ME+ Lu[é+ nol(1 — M?)] + Asu[oé — n/(1 — M?)]
+ AHE= 0. (AIIL1)
At the outlet, if the flow is subsonic, then only the static
pressure is fixed; therefore, three components of the vector

U are arbitrary. If we take pe as the dependent variable,
we have

piin, + pon,
pu(V, + un,) + un,po — puV,
po(V, + vn,) + vn.pit — poV,
—p(yp/2kp + u* + v?) + pu(V,u + Hn,)
+ po(V,v + Hn,)

For an arbitrary choice of p, pii, and pv, from Eq. (14)
we have

My + AV, + uny) + Ason, + A(Vu + Hiy) =0
Mny + duny, + AV, +ony,) + (V0 + Hny) =0

MuV, + AoV, + MV, (vpl2kp + u? + v?) = 0.
(AIIL2)

For a supersonic outlet, no conditions exist on U: therefore,
we have

A=0. (AIIL3)
If a shock is embedded in the flow field, then the shock is
considered as a boundary for the costate equations. The
consequent boundary conditions are applied on each side,
i.e., Eq. (AIIL3) before the shock and Eq. (AIIL.1) after
the shock.

For the upper wall, we have

such that for an arbitrary choice of p Eq. (14) is satisfied if
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)lznx + /\3ny = 0. (AIII4)

At the lower wall, Eq. (13) applies. Because the rank
of An, + Bn, at the wall is 2, the system has only two
linearly independent rows. We obtain

Any + Any, + (p¥ — p¥)cos 6 =0, (AIILS)
which is the boundary condition for A, and
M= _[)\1 + u/\z + UA3 + (’)/e - kvz))\4], (AIII6)

which is the relation between w and A on the boundary.
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